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GEOMETRIC PROPERTIES OF THE FOUR PARAMETERS WRIGHT
FUNCTION
SOURAV DAS AND KHALED MEHREZ
Abstract. In this paper, four parameters Wright function is considered. Certain
geometric properties such as starlikeness, convexity, uniform convexity and close-to-
convexity are discussed for this function. Geometric properties of the partial sums of
this function are also derived. Further, certain geometric properties of normalized Bessel
function of the first kind and two parameters Wright function are studied as a conse-
quence. Interesting corollaries and examples are provided to support that these results
are better than the existing ones and improve several results available in the literature.
1. Introduction
The Wright function
Wα,β(z) =
∞∑
k=0
zk
k!Γ(αk + β)
, β, z ∈ C, α > −1 (1.1)
was introduced by E. M. Wright [32] in connection with the asymptotic theory of parti-
tions. The Wright function plays vital role in fractional calculus [13, 21], the Mikusi´ski
operational calculus, integral transforms of the Hankel type and stochastic processes.
For a historical overview regarding the Wright function and its applications we refer
to [20, Appendix F]. Note that Wα,β(z) is an entire function of order 1/(1 + α) and also
known as the generalized Bessel function [4,21]. These functions generalize hypergeomet-
ric functions [1, 2].
The four parameters Wright function [13,16]
W(µ,a),(ν,b)(z) =
∞∑
k=0
zk
Γ(a+ kµ)Γ(b+ kν)
, a, b ∈ C, µ, ν ∈ R, (1.2)
was studied by E. M. Wright for the case µ, ν > 0 in [31]. Further, he derived several
properties of W(µ,a),(ν,b)(z) for the case b = ν = 1 and −1 < µ < 0 in [33]. It can be
verified [16] that if µ + ν > 0, then the infinite series expansion (1.2) of W(µ,a),(ν,b)(z)
converges absolutely for all z ∈ C. It is well-known (see [13]) that W(µ,a),(ν,b)(z) is an
entire function for a, b ∈ C and 0 < −µ < ν.
Let us consider that H denotes the class of all analytic functions inside the unit disk
D = {z : |z| < 1}. Suppose that A is the class of all functions f ∈ H which are normalized
by f(0) = f ′(0)− 1 = 0 such that
f(z) = z +
∞∑
k=2
akz
k, z ∈ D.
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2 S. DAS AND K. MEHREZ
A function f ∈ A is said to be a starlike function (with respect to the origin 0) in D,
if f is univalent in D and f(D) is a star-like domain with respect to 0 in C. This class of
starlike functions is denoted by S∗. The analytic characterization of S∗ is given [6] below:
<
(
zf ′(z)
f(z)
)
> 0 ∀z ∈ D ⇐⇒ f ∈ S∗.
Let η ∈ [0, 1) and z ∈ D. If <
(
zf ′(z)
f(z)
)
> η, then the function f ∈ A is said to be a
starlike function of order η. We denote the class of starlike functions of order η by S∗(η).
If f(z) is a univalent function in D and f(D) is a convex domain in C, then f ∈ A is
said to be a convex function in D. We denote this class of convex functions by K. This
class can be analytically characterized as follows:
<
(
1 +
zf ′′(z)
f ′(z)
)
> 0, ∀z ∈ D ⇐⇒ f ∈ K.
A function f(z) ∈ A is said to be a convex function of order η (0 ≤ η < 1), if
<
(
1 +
zf ′′(z)
f ′(z)
)
> η, z ∈ D.
This class is denoted by K(η). In particular, K = K(0) and S∗ = S∗(0). It is well-known
that zf ′ is starlike if and only if f ∈ A is convex. A function f(z) ∈ A is said to be
close-to-convex in D if ∃ a starlike function g(z) in D such that
<
(
zf ′(z)
g(z)
)
> 0, z ∈ D.
The class of all close-to-convex functions is denoted by C. It can be easily verified that
K ⊂ S∗ ⊂ C. It is well-known that every close-to-convex function in D is also univalent
in D.
A function f ∈ A is said to be uniformly convex (starlike) if for every circular arc
γ contained in D with center ζ ∈ D the image arc f(γ) is convex (starlike w.r.t. the
image f(ζ)). The class of all uniformly convex (starlike) functions is denoted by UCV
(UST ) [26]. In [10,11], A. W. Goodman introduced these classes. Later, F. Rønning [26]
introduced a new class of starlike functions Sp defined by
Sp := {f : f(z) = zF ′(z), F ∈ UCV }.
For further details on geometric properties of analytic functions we refer to [4, 6, 8, 9, 14,
15,24] and references cited therein.
Problems for investing geometric properties including starlikeness, closed-to-convexity,
convexity or univalency of family of analytic functions in the D involving special functions
have always been attracted by several researchers [3, 4, 6, 8, 9, 14,15,19,23,27,28].
We observe that W(µ,a),(ν,b)(z) /∈ A. For this reason, we consider the following normal-
ization of W(µ,a),(ν,b)(z) as follows
W(µ,a),(ν,b)(z) = zΓ(a)Γ(b)W(µ,a),(ν,b)(z)
=
∞∑
k=0
Γ(a)Γ(b)zk+1
Γ(a+ kµ)Γ(b+ kν)
, a, b ∈ C, µ, ν ∈ R
=
∞∑
k=0
αkz
k+1,
(1.3)
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where
αk =
Γ(a)Γ(b)
Γ(a+ kµ)Γ(b+ kν)
.
Although in (1.3), a, b, z ∈ C, however in this work a and b are restricted to real valued
and z ∈ D. Following definition will be very helpful to prove some of the main results.
Definition 1.1. Let {βn}n≥1 be a sequence of complex numbers. Then {βn}n≥1 is called
a subordinating factor sequence, if
f(z) =
∞∑
n=1
αnz
n ∈ K, (1.4)
implies
∞∑
n=1
αnβnz
n ⊆ f(z). (1.5)
This class is denoted by F . A finite sequence {βn}kn=1 is called a subordinating factor
sequence if (1.4) yields (1.5) whenever αk+1 = αk+2 = · · · = 0. This class of such finite
sequences of length k is denoted by Fk.
This paper is organized as follows. We provide some lemmas in Section 2, which will
be helpful to prove the main results. In Section 3, starlikeness, convexity and uniform
convexity of W(µ,a),(ν,b)(z), are discussed using the properties of Fox-Wright function. In
Section 4, we provide some alternative conditions for starlikeness, convexity and uni-
form convexity of W(µ,a),(ν,b)(z), which will be helpful to discuss close-to-convexity (univa-
lency) of W(µ,a),(ν,b)(z). In Section 5, we derive some properties and inequalities related to
W(µ,a),(ν,b)(z) and W(µ,a),(ν,b)(z) involving hypergeometric function. In addition, behaviour
of zeros of the partial sums ofW(µ,a),(ν,b)(z) and W(µ,a),(ν,b)(z) are also analyzed. In Section
6, we discuss geometric properties of normalized Bessel function of the first kind and two
parameters Wright function, as applications and show that the results obtained in this
paper, are better than the existing ones available in the literature.
2. Some Lemmas
In this section, we provide some useful lemmas which will be useful to complete the
proof of the main results.
Lemma 2.1 ( [7]). Let {ak}∞k=1 be a sequence of non-negative real numbers such that
a1 = 1. If {ak}∞k=2 is convex decreasing, i.e., 0 ≥ ak+2 − ak+1 ≥ ak+1 − ak, then
<
( ∞∑
k=1
akz
k−1
)
>
1
2
, z ∈ D.
Lemma 2.2 ( [28]). Let {γk} be a sequence of complex numbers and z ∈ D. Then the
following statements are equivalent:
(i) {γk}∞k=1 ∈ F .
(ii) < (1 + 2∑∞k=1 γkzk) > 0.
Lemma 2.3 ( [17]). Let f(z) ∈ A and |f ′(z) − 1| < 2/√5 ∀ z ∈ D. Then f(z) is a
starlike function in D.
Lemma 2.4 ( [18]). Suppose that f(z) ∈ A and |(f(z)/z) − 1| < 2/√5 ∀ z ∈ D. Then
f(z) is a starlike function in D.
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Lemma 2.5 ( [14]). Suppose that f(z) ∈ A and |(f(z)/z)− 1| < 1 ∀ z ∈ D. Then f(z)
is a univalent and starlike in D1/2 = {z : |z| < 1/2}.
Lemma 2.6 ( [15]). Let f(z) ∈ A and |f ′(z) − 1| < 1 ∀ z ∈ D. Then f(z) is a convex
function in D1/2 = {z : |z| < 1/2}.
Lemma 2.7 ( [12]). If α0 > α1 > · · · > αn > 0, then the zeros of the polynomial
n∑
k=0
αkz
k
lie in the exterior of the circle |z| = 1.
Lemma 2.8 ( [25]). Let f(z) ∈ A.
(i) If
∣∣∣∣zf ′′(z)f ′(z)
∣∣∣∣ < 12 , then f(z) ∈ UCV .
(ii) If
∣∣∣∣zf ′(z)f(z) − 1
∣∣∣∣ < 12 , then f(z) ∈ Sp.
Lemma 2.9. For any a, b ≥ 1, the following inequalities hold:
k
a(a+ 1) · · · (a+ k − 1) ≤
1
a(a+ 1)k−2
, k ∈ N \ {1}, (2.6)
1
b(b+ 1) · · · (b+ k − 1) ≤
1
b(b+ 1)k−1
, k ∈ N. (2.7)
Proof. Under the given hypothesis, it can be observed that
1
(
1 +
1
a+ 1
)(
1 +
2
a+ 1
)
· · ·
(
1 +
k − 3
a+ 1
)(
1 +
a− 1
k
)
≥ 1. (2.8)
Multiplying both sides of (2.8) by a(a+ 1)k−2, we obtain
a(a+ 1)(a+ 2) · · · (a+ k − 2)(a+ k − 1)
k
≥ a(a+ 1)k−2, for k ≥ 2,
which proves the inequality (2.6).
It can be noted that under the given hypothesis, following inequality holds true:
1
(
1 +
1
b+ 1
)(
1 +
2
b+ 1
)
· · ·
(
1 +
k − 2
b+ 1
)
≥ 1. (2.9)
Multiplying both sides of (2.9) by b(b+ 1)k−1, we obtain
b(b+ 1)(b+ 2) · · · (b+ k − 1) ≥ b(b+ 1)k−1, for k ≥ 1,
which proves the inequality (2.7). 
3. Starlikeness, convexity and uniform convexity
To prove some of the main results, we need the Fox-Wright function pΨq[z], defined
by [30, p. 4, Eq. (2.4)]
pΨq
[(a1,A1),...,(ap,Ap)
(b1,B1),...,(bq ,Bq)
∣∣∣z] = pΨq[(ap,Ap)
(bq ,Bq)
∣∣∣z] = ∞∑
k=0
∏p
i=1 Γ(ai + kAi)∏q
j=1 Γ(bj + kBj)
zk
k!
, (3.10)
where Ai, Bj ∈ R+ (i = 1, ..., p, j = 1, ..., q) and ai, bj ∈ C. The series (3.10) converges
uniformly and absolutely for all bounded |z|, z ∈ C when
 = 1 +
q∑
j=1
Bj −
p∑
j=1
Aj > 0.
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In [22, Theorem 4], the authors established the following two-sided inequality
ψ0e
ψ1ψ
−1
0 |z| ≤ pΨq
[(ap,Ap)
(bq ,Bq)
∣∣∣z] ≤ ψ0 − (1− e|z|)ψ1, (3.11)
is valid for all z ∈ R and for all pΨq[z] satisfying
ψ1 > ψ2 and ψ
2
1 < ψ0ψ2. (3.12)
Here,
ψm =
∏p
j=1 Γ(aj + kAj)∏q
j=1 Γ(bj + kBj)
, k = 0, 1, 2.
Theorem 3.1. Assume that the following conditions hold
(H1) :

(i) Γ(a+2µ)
Γ(a+3µ)
< Γ(b+3ν)
3Γ(b+2ν)
,
(ii) Γ(a+µ)Γ(a+3µ)
Γ2(a+2µ)
< 3Γ
2(b+2ν)
2Γ(b+ν)Γ(b+3ν)
,
(iii) Γ(a)Γ(b)
Γ(a+µ)Γ(b+ν)
− 2(1−e)Γ(a)Γ(b)
Γ(a+2µ)Γ(b+2ν)
< 1.
Then the function W(µ,a),(ν,b)(z) is starlike in D.
Proof. From (1.3), we get∣∣∣∣W′(µ,a),(ν,b)(z)− W(µ,a),(ν,b)(z)z
∣∣∣∣ ≤ ∞∑
k=0
(k + 1)Γ(a)Γ(b)
Γ(a+ µ+ kµ)Γ(b+ ν + kν)
= Γ(a)Γ(b)1Ψ2
[
(2, 1)
(a+ µ, µ), (b+ ν, ν)
∣∣∣1]. (3.13)
In our case
ψ0 =
Γ(2)
Γ(a+ µ)Γ(b+ ν)
, ψ1 =
Γ(3)
Γ(a+ 2µ)Γ(b+ 2ν)
, and ψ2 =
Γ(4)
Γ(a+ 3µ)Γ(b+ 3ν)
.
It is easy to see that the hypotheses “(H1) : (i), (ii)” is equivalent to ψ2 < ψ1 and
ψ21 < ψ0ψ2, and consequently
1Ψ2
[
(2, 1)
(a+ µ, µ), (b+ ν, ν)
∣∣∣1] ≤ 1
Γ(a+ µ)Γ(b+ ν)
− 2(1− e)
Γ(a+ 2µ)Γ(b+ 2ν)
. (3.14)
Combining this estimate with the hypothesis “(H1) : (iii)” and (3.13), we obtain∣∣∣∣W′(µ,a),(ν,b)(z)− W(µ,a),(ν,b)(z)z
∣∣∣∣ < 1, for all z ∈ D.
This implies that W(µ,a),(ν,b)(z) is starlike in D. 
Corollary 3.2. Let a > 1. If b > a+5
a−1 , then W(1,a),(1,b)(z) is starlike in D.
Proof. Let µ = ν = 1 in Theorem 3.1. Then the condition “(H1) : (i)” holds true for
all a, b > 0. In addition, a simple computation gives that the condition ”(H1) : (ii)” is
equivalent to b > a+5
a−1 . Moreover, it is easy to see that the assumption “(H1) : (iii)” is
equivalent to
b >
(a2 − 1)
[
−1 +
√
1 + 4a(a+2e−1)
(a−1)2(a+1)
]
2a(a+ 1)
.
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Hence,
b > max
a>1
a+ 5
a− 1 ,
(a2 − 1)
[
−1 +
√
1 + 4a(a+2e−1)
(a−1)2(a+1)
]
2a(a+ 1)
 = a+ 5
a− 1 .
Further, it is clear that the functions f and g defined by
f(a) =
a+ 5
a− 1 , and g(a) =
(a2 − 1)
[
−1 +
√
1 + 4a(a+2e−1)
(a−1)2(a+1)
]
2a(a+ 1)
,
are decreasing on (1,∞) and satisfies
lim
a→1+
f(a) =∞, lim
a→∞
f(a) = 1, lim
a→1+
g(a) =
√
e and lim
a→∞
g(a) = 0.
Therefore, the function W(1,a),(1,b)(z) is starlike in D, by means of Theorem 3.1. 
Example 3.3. If b > 3
2
, then the function W(1,13),(1,b)(z) is starlike in D.
Theorem 3.4. Under the assumptions
(H2) :

(i) Γ(a+2µ)
Γ(a+3µ)
< 3Γ(b+3ν)
8Γ(b+2ν)
,
(ii) Γ(a+µ)Γ(a+3µ)
Γ2(a+2µ)
< 16Γ
2(b+2ν)
9Γ(b+ν)Γ(b+3ν)
,
(iii) 2Γ(a)Γ(b)
Γ(a+µ)Γ(b+ν)
− 6(1−e)Γ(a)Γ(b)
Γ(a+2µ)Γ(b+2ν)
< 1,
the function W(µ,a),(ν,b)(z) is convex in D 1
2
.
Proof. Let z ∈ D, then we get∣∣W′(µ,a),(ν,b)(z)− 1∣∣ ≤ ∞∑
k=1
(k + 1)Γ(a)Γ(b)
Γ(a+ µk)Γ(b+ kν)
=
∞∑
k=0
(k + 2)k!Γ(a)Γ(b)
k!Γ(a+ µ+ µk)Γ(b+ ν + kν)
= Γ(a)Γ(b)2Ψ3
[
(1, 1), (3, 1)
(2, 1), (a+ µ, µ), (b+ ν, ν)
∣∣∣1].
(3.15)
In this case,
ψ0 =
2
Γ(a+ µ)Γ(b+ ν)
, ψ1 =
3
Γ(a+ 2µ)Γ(b+ 2ν)
, and ψ2 =
8
Γ(a+ 3µ)Γ(b+ 3ν)
.
Hence, the conditions “(H2) : (i), (ii)” imply that
2Ψ3
[
(1, 1), (3, 1)
(2, 1), (a+ µ, µ), (b+ ν, ν)
∣∣∣1] ≤ 2
Γ(a+ µ)Γ(b+ ν)
− 3(1− e)
Γ(a+ 2µ)Γ(b+ 2ν)
. (3.16)
Hence, combining the hypotheses “(H2) : (iii)”, (3.15) and (3.17) we have∣∣W′(µ,a),(ν,b)(z)− 1∣∣ < 1.
Therefore, the function W(µ,a),(ν,b)(z) is convex on D 1
2
, by means of Lemma 2.6. 
Corollary 3.5. Let a > 2
7
. If b > 2a+20
7a−2 , then the function W(1,a),(1,b)(z) is convex on D 12 .
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Proof. Setting µ = ν = 1 in Theorem 3.4, we observe that the condition “(H2) : (i)” holds
true for all a, b > 0. Moreover, it is clear that the condition “(H2) : (ii)” is equivalent to
the following inequality
b >
2a+ 20
7a− 2 := f1(a), when a >
2
7
.
Straightforward calculation yields that the assumption ”(H2) : (iii)” is equivalent to
b >
−(a2 − a− 2) +√(a2 − a− 1)2 + 4a(a+ 1)(2a− 4 + 6e)
2a(a+ 1)
:= g1(a).
By using that fact that the functions f1(a) and g1(a) are decreasing on (2/7,∞) such that
lim
a→( 2
7
)+
f1(a) =∞, lim
a→∞
f1(a) =
2
7
, lim
a→( 2
7
)+
g1(a) ≈ 9.63 and lim
a→∞
g1(a) = 0.
Therefore
b > max
a> 2
7
(f1(a), g1(a)) = f1(a).

Putting a = 14 in Corollary 3.5, we obtain
Example 3.6. If b > 1
2
, then the function W(1,14),(1,b)(z) is convex on D 1
2
.
Theorem 3.7. Assume that the conditions of the above Theorem (H2) : (i), (ii) hold true.
Also, suppose that
2Γ(a)Γ(b)
Γ(a+ µ)Γ(b+ ν)
− 6(1− e)Γ(a)Γ(b)
Γ(a+ 2µ)Γ(b+ 2ν)
<
2√
5
.
Then the function W(µ,a),(ν,b)(z) is starlike in D.
Proof. The proof is similar to the proof of the above Theorem when we used Lemma 2.3,
we omit the details. 
Theorem 3.8. Assume that the following conditions hold:
(H3) :

(i) Γ(a+2µ)
Γ(a+3µ)
< Γ(b+3ν)
2Γ(b+2ν)
,
(ii) Γ(a+µ)Γ(a+3µ)
Γ2(a+2µ)
< 2Γ
2(b+2ν)
Γ(b+ν)Γ(b+3ν)
,
(iii) Γ(a)Γ(b)
Γ(a+µ)Γ(b+ν)
− (1−e)Γ(a)Γ(b)
Γ(a+2µ)Γ(b+2ν)
< 1.
Then the function W(µ,a),(ν,b)(z) is starlike in D 1
2
.
Proof. It can be verified that∣∣∣∣W(µ,a),(ν,b)(z)z − 1
∣∣∣∣ ≤ ∞∑
k=0
Γ(a)Γ(b)
Γ(a+ µ+ kµ)Γ(b+ ν + kν)
= Γ(a)Γ(b)1Ψ2
[
(1, 1)
(a+ µ, µ), (b+ ν, ν)
∣∣∣1]. (3.17)
In this case,
ψ0 =
1
Γ(a+ µ)Γ(b+ ν)
, ψ1 =
1
Γ(a+ 2µ)Γ(b+ 2ν)
, and ψ2 =
2
Γ(a+ 3µ)Γ(b+ 3ν)
,
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which is equivalent to “(H3) : (i), (ii)”. This implies that
1Ψ2
[
(1, 1)
(a+ µ, µ), (b+ ν, ν)
∣∣∣1] ≤ 1
Γ(a+ µ)Γ(b+ ν)
− 1− e
Γ(a+ 2µ)Γ(b+ 2ν)
.
Using the above inequality (3.17) and hypothesis “(H3) : (iii)”, we obtain∣∣∣∣W(µ,a),(ν,b)(z)z − 1
∣∣∣∣ < 1,
for all z ∈ D, which implies that the function W(µ,a),(ν,b)(z) is starlike in D 1
2
, by Lemma
2.5. 
Corollary 3.9. Let a, b > 0. If ab > 2, then W(1,a),(1,b)(z) is starlike in D 1
2
.
Proof. Set µ = ν = 1 in Theorem 3.8. Then the condition “(H3) : (i)” is valid for each
a, b > 0 and the assumption “(H3) : (ii)” holds true for all ab > 2. Further, the hypothesis
”(H3) : (iii)” is equivalent to the following inequality:
b >
1− a2 +√(a2 − 1)2 + 4(a+ e)(a2 + a)
2a(a+ 1)
.
Consequently,
b > max
a>0
(
2
a
,
1− a2 +√(a2 − 1)2 + 4(a+ e)(a2 + a)
2a(a+ 1)
)
=
2
a
.

Example 3.10. If b > 2, then the function W(1,1),(1,b)(z) is starlike in D 1
2
.
Example 3.11. The function W(1,√2),(1,√3)(z) is starlike in D 12 .
Theorem 3.12. Let a, b, ν and µ be positive real numbers and z ∈ D. If the following
conditions hold
(H4) :

(i) Γ(a+µ)
Γ(a+2µ)
< Γ(b+2ν)
4Γ(b+ν)
,
(ii) Γ(a)Γ(a+2µ)
Γ2(a+µ)
< 4Γ
2(b+2ν)
3Γ(b+ν)Γ(b+3ν)
,
(iii) Γ(a)Γ(b)
Γ(a+µ)Γ(b+ν)
− 3(1−e)Γ(a)Γ(b)
Γ(a+2µ)Γ(b+2ν)
< 1
4
,
then the function W(µ,a),(ν,b)(z) ∈ UCV.
Proof. Let z ∈ D. By using (1.3) we have∣∣W′(µ,a),(ν,b)(z)∣∣ =
∣∣∣∣∣
∞∑
k=0
(k + 1)Γ(a)Γ(b)zk
Γ(a+ kµ)Γ(b+ kν)
∣∣∣∣∣
= Γ(a)Γ(b)
∣∣∣1Ψ2 [ (2,1)(a,µ), (b,ν)∣∣∣z]∣∣∣ .
(3.18)
It is clear that the condition “(H4) : (i)” implies that
Γ(a+ µ)
Γ(a+ 2µ)
<
Γ(b+ 2ν)
3Γ(b+ ν)
. (3.19)
Since the function z 7→ Γ(z)Γ(z+α+β)
Γ(z+α)Γ(z+β)
is decreasing on (0,∞) for each α, β ≥ 0 (see [5]), we
get
Γ(a+ µ)Γ(a+ 3µ)
Γ2(a+ 2µ)
<
Γ(a)Γ(a+ 2µ)
Γ2(a+ µ)
, (3.20)
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and
Γ2(b+ 2ν)
Γ(b+ ν)Γ(b+ 3ν)
<
Γ2(b+ ν)
Γ(b)Γ(b+ 2ν)
. (3.21)
Combining “(H4) : (ii)” and (3.21), we obtain
Γ(a)Γ(a+ 2µ)
Γ2(a+ µ)
<
3Γ2(b+ ν)
2Γ(b)Γ(b+ 2ν)
. (3.22)
In view of the above inequalities with (3.19) and (3.11), we have
exp
(
Γ(a)Γ(b)
Γ(a+ µ)Γ(b+ ν)
|z|
)
≤ ∣∣W′(µ,a),(ν,b)(z)∣∣ . (3.23)
Moreover, the function z 7→ Γ(z+α)
Γ(z)
is increasing on (0,∞) for each α > 0. Therefore,
Γ(z + α)
Γ(z + α + β)
≤ Γ(z)
Γ(z + β)
. (3.24)
Putting z = a+ µ and α = β = µ in the above inequality, we obtain
Γ(a+ 2µ)
Γ(a+ 3µ)
≤ Γ(a+ µ)
Γ(a+ 2µ)
. (3.25)
Similarly, we have
Γ(b+ 2ν)
Γ(b+ ν)
≤ Γ(b+ 3ν)
Γ(b+ 2ν)
. (3.26)
Combining (3.25), “(H4) : (i)” and (3.26), we obtain
Γ(a+ 2µ)
Γ(a+ 3µ)
<
Γ(b+ 3ν)
4Γ(b+ 2ν)
. (3.27)
Using (3.20) and “(H4) : (ii)”, we obtain
Γ(a+ µ)Γ(a+ 3µ)
Γ2(a+ 2µ)
<
4Γ2(b+ 2ν)
3Γ(b+ ν)Γ(b+ 3ν)
. (3.28)
Combining (1.3), (3.27), (3.28) and (3.11), we have∣∣zW′′(µ,a),(ν,b)(z)∣∣ = Γ(a)Γ(b) ∣∣∣1Ψ2 [ (3,1)(a+µ,µ), (b+ν,ν)∣∣∣z]∣∣∣
≤ Γ(a)Γ(b) 1Ψ2
[
(3,1)
(a+µ,µ), (b+ν,ν)
∣∣∣1]
≤ 2Γ(a)Γ(b)
Γ(a+ µ)Γ(b+ ν)
− 6(1− e)Γ(a)Γ(b)
Γ(a+ 2µ)Γ(b+ 2ν)
.
(3.29)
Using the above formula and (3.23), we have∣∣∣∣∣zW
′′
(µ,a),(ν,b)(z)
W′(µ,a),(ν,b)(z)
∣∣∣∣∣ ≤ 2Γ(a)Γ(b)Γ(a+ µ)Γ(b+ ν) − 6(1− e)Γ(a)Γ(b)Γ(a+ 2µ)Γ(b+ 2ν) exp
(
− Γ(a)Γ(b)
Γ(a+ µ)Γ(b+ ν)
|z|
)
≤ 2Γ(a)Γ(b)
Γ(a+ µ)Γ(b+ ν)
− 6(1− e)Γ(a)Γ(b)
Γ(a+ 2µ)Γ(b+ 2ν)
<
1
2
.
(3.30)
Hence, W(µ,a),(ν,b)(z) ∈ UCV, by means of the part (i) of Lemma 2.8. 
Corollary 3.13. Let a > 3. If b > 2a+6
a−3 , then the function W(1,a),(1,b)(z) ∈ UCV.
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Proof. Upon letting µ = ν = 1 in the above Theorem. Then the condition (H4) : (i)” is
valid for all ab+a+ b > 3. the second condition of (H4) is equivalent to b(a− 3) > 6 + 2a.
Finally, the condition “(H4) : (iii)” holds true for all
b >
−(a2 − 3a− 4) +√(a2 − 3a− 4)2 + 4(4a+ 12e− 8)
2a(a+ 1)
.
Consequently,
b > max
a>3
(
2a+ 6
a− 3 ,
−(a2 − 3a− 4) +√(a2 − 3a− 4)2 + 4(4a+ 12e− 8)
2a(a+ 1)
)
=
2a+ 6
a− 3 . 
4. Further results on starlikeness, convexity and close-to-convexity
In this section, we provide some alternative conditions for starlikeness, convexity and
uniform convexity of W(µ,a),(ν,b)(z), which will be useful to discuss close-to-convexity (uni-
valency) of W(µ,a),(ν,b)(z) in D.
Theorem 4.1. Let a, b, µ, ν ≥ 1 be such that b ≥ φ(a) = 3a+ 2
a(a+ 1)
. Then
(i) W(µ,a),(ν,b)(z) is starlike in D.
(ii) W(µ,a),(ν,b)(z) is close-to-convex with respect to the starlike function W(µ,a),(1,b)(z) in
D.
Proof. (i) Let p(z) =
zW′(µ,a),(ν,b)(z)
W(µ,a),(ν,b)(z)
, z ∈ D. Then p(z) is analytic in D and p(0) = 1.
To prove that <(p(z)) > 0, it is enough to show that |p(z)− 1| < 1. It is well-known
that
Γ(a+ k) ≤ Γ(a+ kµ), k ∈ N, a, µ > 1.
Therefore,
Γ(a)
Γ(a+ kµ)
≤ Γ(a)
Γ(a+ k)
=
1
a(a+ 1) · · · (a+ k − 1) . (4.31)
Similarly, we have
Γ(b)
Γ(b+ kν)
≤ Γ(b)
Γ(b+ k)
=
1
b(b+ 1) · · · (b+ k − 1) . (4.32)
With the help of Lemma 2.9 and the above inequalities (4.31) and (4.32), we
obtain∣∣∣∣W′(µ,a),(ν,b)(z)− W(µ,a),(ν,b)(z)z
∣∣∣∣ =
∣∣∣∣∣
∞∑
k=1
kΓ(a)Γ(b)zk
Γ(a+ kµ)(b+ kν)
∣∣∣∣∣
≤
∞∑
k=1
k
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
<
1
ab
+
1
ab
∞∑
k=2
1
(a+ 1)k−2(b+ 1)k−1
=
1
ab
+
1
ab(b+ 1)
∞∑
k=0
{
1
(a+ 1)(b+ 1)
}k
=
(a+ 1)(b+ 1) + a
ab{(a+ 1)(b+ 1)− 1} .
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Again, we have∣∣∣∣W(µ,a),(ν,b)(z)z
∣∣∣∣ ≥ 1−
∣∣∣∣∣
∞∑
k=1
Γ(a)Γ(b)zk
Γ(a+ kµ)(b+ kν)
∣∣∣∣∣
≥ 1−
∞∑
k=1
1
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
> 1− 1
ab
∞∑
k=0
{
1
(a+ 1)(b+ 1)
}k
= 1− (a+ 1)(b+ 1)
ab(ab+ a+ b)
=
ab(a+ b+ ab)− (a+ 1)(b+ 1)
ab(a+ b+ ab)
.
Therefore,
|p(z)− 1| =
∣∣∣∣∣zW
′
(µ,a),(ν,b)(z)
W(µ,a),(ν,b)(z)
− 1
∣∣∣∣∣ =
∣∣∣∣∣∣∣
W′(µ,a),(ν,b)(z)−
W(µ,a),(ν,b)(z)
z
W(µ,a),(ν,b)(z)
z
∣∣∣∣∣∣∣
<
(a+ 1)(b+ 1) + a
ab(a+ b+ ab)− (a+ 1)(b+ 1)
Under the given condition, (a+1)(b+1)+a
ab(a+b+ab)−(a+1)(b+1) ≤ 1. This shows that W(µ,a),(ν,b)(z) is
starlike in D and consequently the part (i) of this theorem is proved.
(ii) Now, we proceed to prove the part (ii). For this, we have to show that there exists
a function h ∈ S∗ such that
<
(
zW′(µ,a),(ν,b)(z)
h(z)
)
> 0, z ∈ D,
which can be proved by showing that∣∣∣∣∣zW
′
(µ,a),(ν,b)(z)
h(z)
− 1
∣∣∣∣∣ < 1, z ∈ D.
Using part (i) of this Theorem 4.1, we can observe that W(µ,a),(1,b)(z) is starlike in D
under the given hypothesis. Again using (2.6) and (2.7), we obtain∣∣∣∣W′(µ,a),(ν,b)(z)− W(µ,a),(1,b)(z)z
∣∣∣∣ < ∞∑
k=1
∣∣∣∣ (k + 1)Γ(a)Γ(b)Γ(a+ kµ)Γ(b+ kν) − Γ(a)Γ(b)Γ(a+ k)Γ(b+ k)
∣∣∣∣
≤
∞∑
k=1
∣∣∣∣ kΓ(a)Γ(b)Γ(a+ k)Γ(b+ k)
∣∣∣∣
≤
∞∑
k=1
k
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
<
1
ab
+
1
ab
∞∑
k=2
1
(a+ 1)k−2(b+ 1)k−1
=
(a+ 1)(b+ 1) + a
ab{(a+ 1)(b+ 1)− 1} .
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and ∣∣∣∣W(µ,a),(1,b)(z)z
∣∣∣∣ ≥ 1− ∣∣∣∣ Γ(a)Γ(b)zkΓ(a+ k)Γ(b+ k)
∣∣∣∣
≥ 1−
∞∑
k=1
1
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
> 1− 1
ab
∞∑
k=0
{
1
(a+ 1)(b+ 1)
}k
= 1− (a+ 1)(b+ 1)
ab(ab+ a+ b)
=
ab(a+ b+ ab)− (a+ 1)(b+ 1)
ab(a+ b+ ab)
.
Using the above inequalities and given conditions, we have∣∣∣∣∣zW
′
(µ,a),(ν,b)(z)
W(µ,a),(1,b)(z)
− 1
∣∣∣∣∣ =
∣∣∣∣∣∣∣
W′(µ,a),(ν,b)(z)−
W(µ,a),(1,b)(z)
z
W(µ,a),(1,b)(z)
z
∣∣∣∣∣∣∣
<
(a+ 1)(b+ 1) + a
ab(a+ b+ ab)− (a+ 1)(b+ 1) ≤ 1,
which implies that <
(
zW′
(µ,a),(µ,b)
(z)
W(µ,a),(1,b)(z)
)
> 0. Consequently, W(µ,a),(µ,b)(z) is close-to-
convex with respect to the starlike function W(µ,a),(1,b)(z) in D, under the given
hypothesis.

Theorem 4.2. Let a, b, µ, ν ≥ 1 and 0 ≤ η < 1 be such that b ≥ ψ(a, η), where
ψ(a, η) =
(a+ 1) + (1− η)(a+ 1− a2)
2a(1− η)(a+ 1)
+
√{(a+ 1) + (1− η)(a+ 1− a2)}2 − 4a(1− η)(a+ 1){(1− η)(a+ 1) + 2a+ 1}
2a(1− η)(a+ 1) .
Then W(µ,a),(ν,b)(z) ∈ S∗(η) for each z ∈ D.
Proof. From the proof of Theorem 4.1, it can be observed that W(µ,a),(ν,b)(z) is starlike
function of order η, if (a+1)(b+1)+a
ab(a+b+ab)−(a+1)(b+1) ≤ 1 − η, which is a consequence of the given
condition. 
Using Lemma 2.8 and the similar technique as in Theorem 4.1, the following theorem
can be obtained.
Theorem 4.3. Let a, b, µ, ν ≥ 1 be such that b ≥ τ(a), where
τ(a) =
3(a+ 1)− a2 +√a4 + 14a3 + 35a2 + 30a+ 9
2a(a+ 1)
.
Then W(µ,a),(ν,b)(z) ∈ Sp for each z ∈ D.
Theorem 4.4. Let a, b, µ, ν ≥ 1.
(i) If b ≥ φ1(a), where
φ1(a) =
(a+ 1− a2) +√a4 + 2a3 + 7a2 + 6a+ 1
2a(a+ 1)
,
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then W(µ,a),(ν,b)(z) is starlike in D1/2.
(ii) If b ≥ φ2(a), where
φ2(a) =
√
5(a+ 1)− 2a2 +
√
4a4 + 4
√
5a3 + (5 + 12
√
5)a2 + 2(5 + 4
√
5)a+ 5
4a(a+ 1)
,
then W(µ,a),(ν,b)(z) is starlike in D.
Proof. With the help of Lemma 2.9 and the inequalities (4.31) and (4.32), we obtain
∣∣∣∣W(µ,a),(ν,b)(z)z − 1
∣∣∣∣ < ∞∑
k=1
1
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
≤ 1
ab
∞∑
k=0
{
1
(a+ 1)(b+ 1)
}k
=
(a+ 1)(b+ 1)
ab(ab+ a+ b)
.
Using the given condition (i) and Lemma 2.5, we conclude that W(µ,a),(ν,b)(z) is starlike in
D1/2 under the given hypothesis. Further using the given condition (ii) and Lemma 2.4,
we claim that W(µ,a),(ν,b)(z) is starlike in D. 
Theorem 4.5. Let a, b, µ, ν ≥ 1.
(i) If b ≥ ψ1(a), where
ψ1(a) =
(3− a) +√a2 + 2a+ 9
2a
.
Then W(µ,a),(ν,b)(z) is convex in D1/2.
(ii) If b ≥ ψ2(a), where
ψ2(a) =
√
5(2a+ 3)− 2a2 +
√
4a4 + 8
√
5a3 + 20(1 +
√
5)a2 + 4(15 + 4
√
5)a+ 45
4a(a+ 1)
.
Then W(µ,a),(ν,b)(z) is starlike in D.
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Proof. Using inequalities (4.31) and 4.32 and Lemma 2.9, we have
∣∣W′(µ,a),(ν,b)(z)− 1∣∣ < ∞∑
k=1
(k + 1)Γ(a)Γ(b)
Γ(a+ kµ)Γ(b+ kν)
≤
∞∑
k=1
k + 1
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
=
1
ab
+
∞∑
k=2
k
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
+
∞∑
k=1
1
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
≤ 1
ab
+
∞∑
k=2
1
ab(a+ 1)k−1(b+ 1)k−2
+
∞∑
k=1
1
ab(a+ 1)k−1(b+ 1)k−1
=
1
ab
+
(a+ 2)
ab(a+ 1)
∞∑
k=0
{
1
(a+ 1)(b+ 1)
}k
=
2a(b+ 1) + 3b+ 2
ab{(a+ 1)(b+ 1)− 1} .
Using Lemma 2.6 and given condition (i), we can conclude that W(µ,a),(ν,b)(z) is convex in
D1/2. Further using the given condition (ii) and with the help of Lemma 2.3, it is easy to
show that W(µ,a),(ν,b)(z) is starlike in D. Hence the theorem is proved. 
If we set a = µ = ν = 1 in the normalized four parameters Wright function (1.3), then
we obtain the normalized form of a class of functions involving the confluent hypergeo-
metric function as follows:
F(b, z) = z
∞∑
k=0
Γ(b)
Γ(b+ k)
zk
k!
= z × 0F1(−; b; z),
where 0F1(−; b; z) is the confluent hypergeometric function [1, 2]. Following corollary
provides a set of sufficient conditions for F(b, z) to be starlike and convex in the open unit
disk D and in D1/2.
Corollary 4.6. The following assertions hold true:
(i) If b ≥ 5
4
, then F(b, z) is starlike in the open unit disk D.
(ii) If b ≥ (5+
√
89)
4
, then F(b, z) ∈ Sp.
(iii) If b ≥ (1+
√
17)
4
, then F(b, z) is starlike in D1/2.
(iv) If b ≥ 1 +√3, then F(b, z) is convex on D1/2.
Proof. Part (i) can be proved using Theorem 4.1. Part (ii) is a consequence of Theorem
4.3. Using part (i) of Theorem 4.4, part (iii) of this corollary can be obtained. Finally
using Theorem 4.5, part (iv) can be proved. 
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(a) F(3/2, z) for z ∈ D. (b) F(1, z) for z ∈ D1/2.
(c) F(1 +
√
3, z) for z ∈ D1/2. (d) W(1,√2),(1,√3)(z) for z ∈ D1/2.
Figure 1. Mapping of F(b, z) and W(µ,a),(ν,b)(z) over D and D1/2.
5. Results related to W(µ,a),(ν,b)(z)
Theorem 5.1. For any a, b, µ, ν ≥ 1 and z ∈ D, the following inequality holds:
∣∣W(µ,a),(ν,b)(z)∣∣ ≤ |z| × 1F2(1; a, b; |z|),
where 1F2(c; a, b; |z|) =
∞∑
k=0
(c)k
(a)k(b)k
|z|k
k!
is hypergeometric function with (α)k as pochham-
mer symbol defined as (α)0 = 1, (α)k = α(α + 1) · · · (α + k − 1).
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Proof. By using (2.6) and (2.7), we obtain∣∣W(µ,a),(ν,b)(z)∣∣ =
∣∣∣∣∣
∞∑
k=0
Γ(a)Γ(b)zk+1
Γ(kµ+ a)Γ(kν + b)
∣∣∣∣∣
≤ |z|
∞∑
k=0
∣∣∣∣ Γ(a)Γ(b)zkΓ(kµ+ a)Γ(kν + b)
∣∣∣∣
≤ |z|
∞∑
k=0
|z|k
ab(a+ 1)(b+ 1) · · · (a+ k − 1)(b+ k − 1)
= |z|
∞∑
k=0
(1)k
(a)k(b)k
|z|k
k!
= |z| × 1F2(1; a, b; |z|).

Using (1.1) and Theorem 5.1, following corollary can be obtained.
Corollary 5.2. For any a, b, µ, ν ≥ 1 and z ∈ D the following inequality holds:∣∣W(µ,a),(ν,b)(z)∣∣ ≤ |z|
Γ(a)Γ(b)
× 1F2(1; a, b; |z|),
where 1F2(1; a, b; |z|) is a hypergeometric function.
LetWN(µ,a),(ν,b)(z) andWN(µ,a),(ν,b)(z) denoteNth partial sums ofW(µ,a),(ν,b)(z) andW(µ,a),(ν,b)(z)
respectively. Then
WN(µ,a),(ν,b)(z) = 1 +
N∑
k=1
zk
Γ(a+ kµ)Γ(b+ kν)
,
WN(µ,a),(ν,b)(z) = z +
N∑
k=2
Γ(a)Γ(b)zk
Γ(a+ (k − 1)µ)Γ(b+ (k − 1)ν) .
Theorem 5.3. For µ, ν > 1, all the N zeros of WN(1,a),(1,b)(z) lie in the exterior of the unit
disk D.
Proof. For any µ, ν > 1, we have
1 >
1
Γ(1 + µ)Γ(1 + ν)
>
1
Γ(1 + 2µ)Γ(1 + 2ν)
> · · · > 1
Γ(1 + (N − 1)µ)Γ(1 + (N − 1)ν) .
Using Lemma 2.7, we conclude that all N roots of WN(1,a),(1,b)(z) lie in the exterior of the
unit disk D. 
Theorem 5.4. For each a, b > 1 and µ, ν ≥ 1, the (N − 1) nonzero roots of WN(µ,a),(ν,b)(z)
lie in the exterior of D.
Proof. We have,
WN(µ,a),(ν,b)(z) = z
[
1 +
N∑
k=2
Γ(a)Γ(b)zk−1
Γ(a+ (k − 1)µ)Γ(b+ (k − 1)ν)
]
= zQN(z),
where
QN(z) = 1 +
N∑
k=2
Γ(a)Γ(b)zk−1
Γ(a+ (k − 1)µ)Γ(b+ (k − 1)ν) .
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For any a, b > 1 and µ, ν ≥ 1, we obtain
1 >
1
Γ(a+ µ)Γ(b+ ν)
>
1
Γ(a+ 2µ)Γ(b+ 2ν)
> · · · > 1
Γ(a+ (N − 1)µ)Γ(b+ (N − 1)ν) .
Using Lemma 2.7, we conclude that all N − 1 roots of QN(z) lie in the exterior of the
unit disk D. 
Theorem 5.5. For each µ, ν ≥ 2 and z ∈ D, the following assertions hold true:
(i) < (W(µ,1),(ν,1)(z)) > 12
(ii)
{
1
Γ(1+kµ)Γ(1+kν)
}∞
k=1
∈ F .
Proof. First we show that the sequence {αk}∞k=1 =
{
1
Γ[1+(k−1)µ]Γ[1+(k−1)ν]
}∞
k=1
is decreasing.
For any µ, ν ≥ 1 and k ∈ N, we have
Γ(1 + kµ) ≥ Γ[1 + (k − 1)µ],
which implies that
1
Γ(1 + kµ)
≤ 1
Γ[1 + (k − 1)µ]
and consequently αk+1 ≤ αk. Again for any µ, ν ≥ 2 and k ∈ N, we have
Γ(1 + kµ) ≥ 2Γ[1 + (k − 1)µ].
Therefore,
Γ(1 + kµ)Γ(1 + kν) ≥ 4Γ[1 + (k − 1)µ]Γ[1 + (k − 1)ν]
> 2Γ[1 + (k − 1)µ]Γ[1 + (k − 1)ν].
Using the above inequality, we obtain
αk+2 − 2αk+1 + αk = 1
Γ[1 + (k + 1)µ]Γ[1 + (k + 1)ν]
− 2
Γ(1 + kµ)Γ(1 + kν)
+
1
Γ[1 + (k − 1)µ]Γ[1 + (k − 1)ν] > 0,
which shows that {αk}∞k=2 is convex decreasing. With the help of Lemma 2.1, we obtain
<
( ∞∑
k=1
αkz
k−1
)
>
1
2
⇒ < (W(µ,1),(ν,1)(z)) > 1
2
, z ∈ D, (5.33)
which proves the part (i) of the statement. Now we express the inequality (5.33) in the
following form:
<
(
1 + 2
∞∑
k=1
zk
Γ(1 + kµ)Γ(1 + kν)
)
> 0, z ∈ D.
Finally, using the equivalent conditions in Lemma 2.2, remaining part of the statement
can be proved. 
Using the similar methodology as in Theorem 5.5, the following corollary can be estab-
lished.
Corollary 5.6. For each µ, ν ≥ 2 and z ∈ D, we have
(1) <
(
WN(µ,1),(ν,1)(z)
)
> 1
2
.
(2)
{
1
Γ(1+kµ)Γ(1+kν)
}N
k=1
∈ FN .
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6. Conclusion
Our research discusses about some geometric properties (such as starlikeness, convexity,
uniform convexity and close-to-convexity) of four parameters Wright function. In addi-
tion, geometric properties of the partial sums of this function are studied. As applications,
we obtain certain geometric properties of normalized Bessel function of the first kind and
two parameters Wright function as given below.
(1) It can be noted that for a = µ = ν = 1, b = β + 1 and z = −z(z ∈ D), we have a
normalization of the Bessel function of first kind [4] Jβ(z) defined as [23]:
Jβ(z) = W(1,β+1),(1,1)(−z) = Γ(β + 1)z1−β/2Jβ(2
√
z).
(i) Using Theorem 4.1, we claim that Jβ(z) is starlike in D if β ≥ 3/2, which is
a sharper than the lower bound (
√
3) available in [23].
(ii) Using Theorem 4.5, we obtain Jβ(z) is convex in D1/2 if β ≥
√
3, which is
the same condition available in [23].
(iii) Theorem 4.3 helps us to conclude that Jβ(z) ∈ Sp if β ≥ (1+
√
89)
4
.
(2) For a = µ = 1, the four parameters Wright function reduces to two parameters
Wright function
Wb,ν(z) =W(1,1),(ν,b)(z) =
∞∑
k=0
zk
k!Γ(b+ kν)
,
and the corresponding normalized two parameters Wright function can be defined
as
Wb,ν(z) = W(1,1),(ν,b)(z) = Γ(b)Wb,ν(z) =
∞∑
k=0
Γ(b)zk
k!Γ(b+ kν)
.
(i) Using Theorem 4.1, we claim that if ν ≥ 1 and b ≥ 5/2, then Wb,ν(z)
is starlike in D. This lower bound of b is sharper than the lower bound
(b ≥ 1 +√3) available in [23].
(ii) From Theorem 4.5, we have if ν ≥ 1 and b ≥ (1+√3), then Wb,ν(z) is convex
in D1/2, which is the same condition available in [23].
(iii) From Theorem 4.1, we obtain, if ν ≥ 1 and b ≥ 5/2, then Wb,ν(z) is close-
to-convex with respect to W1,ν(z) in D.
(iv) Using Theorem 4.3, we conclude that Wb,ν(z) ∈ Sp if b ≥ (5+
√
89)
4
.
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